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STRUCTURE OF THE STRING LINK CONCORDANCE GROUP
AND HIRZEBRUCH-TYPE INVARIANTS
JAE CHOON CHA
Abstract. We employ Hirzebruch-type invariants obtained from iterated p-
covers to investigate concordance of links and string links. We show that
the invariants naturally give various group homomorphisms of the string link
concordance group into L-groups over number fields. We also obtain homo-
morphisms of successive quotients of the Cochran-Orr-Teichner filtration. As
an application we show that the kernel of Harvey’s ρn-invariant is large enough
to contain a subgroup with infinite rank abelianization, modulo local knots.
As another application, we show that recently discovered nontrivial 2-torsion
examples of iterated Bing doubles lying at an arbitrary depth of the Cochran-
Orr-Teichner filtration are independent over Z2 as links, in an appropriate
sense. We also construct similar examples of infinite order links which are
independent over Z.
1. Introduction and main results
In [2], the author defined new Hirzebruch-type intersection form defect invariants
from towers of iterated p-covers, and gave applications to link concordance and
homology cobordism. The aim of this paper is to employ the invariants to reveal
further information on the structure of the string link concordance group and the set
of link concordance classes. In this paper manifolds are assumed to be topological
and oriented, and submanifolds are locally flat. All results hold in the smooth
category as well.
1.1. Hirzebruch-type invariants. We start with a quick review of the invariants
defined in [2]. Throughout this paper, p denotes a prime. For a CW-complex X ,
a tower
Xn −→ · · · −→ X1 −→ X0 = X
consisting of connected covers Xi of X is called a p-tower of height n for X if
each Xi → Xi−1 is a regular cover whose covering transformation group is a finite
abelian p-group. Suppose M is a closed 3-manifold. For a p-tower {Mi} of height
n and a character φ : π1(Mn) → Zd with d a power of p such that (Mn, φ) = 0 in
the topological bordism group Ωtop3 (BZd), an invariant
λ(Mn, φ) ∈ L0(Q(ζd))
is defined, where ζd = exp(2π
√−1/d) is the dth primitive root of unity and
L0(Q(ζd)) is the group of Witt classes of nonsingular hermitian forms over Q(ζd).
(As usual, Q(ζd) is endowed with the involution ζ¯d = ζ
−1
d .) Basically λ(Mn, φ)
is the difference of the Witt class of the Q(ζd)-coefficient intersection form of a
4-manifold W bounded by Mn over Zd and that of the untwisted intersection form
of W . (For more details the reader is referred to [2].)
We remark that in order to define the invariant it suffices to specify φ as a map
of a subgroup of π1(M), without considering the p-tower {Mi}: we call φ : H → Zd
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a (Zd-valued) p-virtual character of a group G if φ is a group homomorphism of
a subgroup H in G such that the index [G : H ] is finite and a power of p. For
any p-virtual character φ of π1(M), it can be seen by an easy induction that there
is a p-tower {Mi} of M whose highest term Mn is the cover Mφ determined by
H , i.e., the image of π1(Mφ) under the map induced by the covering projection is
exactly H ⊂ π1(M). The invariant λ(Mφ, φ) is independent of the choice of {Mi}
(provided it is defined). Since in this paper we always define a p-virtual character
by constructing a p-tower, we regard a p-virtual character of π1(M) as endowed
with a p-tower of M . In other words, we think of a pair ({Mi}, φ) of a p-tower
{Mi} and φ : π1(Mn) → Zd. We call such a pair a Zd-valued p-structure of height
n for M . (The order d is always assumed to be a power of p.)
1.2. Invariants of the string link concordance group. In [2], it was shown that
the Hirzebruch-type invariant defined from a p-structure of the surgery manifold of
a link in S3 gives an obstruction to being a slice link. In this paper we also think
of string links in the sense of Habegger and Lin [12, 13], which has the advantage
that there is a well-defined group structure on the set of concordance classes; we
denote the group of concordance classes of m-component string links by CSL(m),
or simply CSL.
The invariants in [2] give rise to invariants of CSL with values in L0(Q(ζd)) via
the closures of string links. As the first main result of this paper, we show that the
invariants restricted to a large class of string links become group homomorphisms ;
we call a string link β an F̂ -string link if the closure of β is an F̂ -link in the
sense of Levine [15]. Roughly speaking, it means that the fundamental group of the
complement of the closure of β has Levine’s algebraic closure [15] identical with that
of a free group (and the preferred longitudes are trivial in the algebraic closure).
We note that F̂ -(string) links form the largest known class of (string) links with
vanishing Milnor’s µ¯-invariant; it is a big open problem in link theory whether all
(string) links with vanishing Milnor’s µ¯-invariants are F̂ -(string) links.
Let Ĉ SL = Ĉ SL(m) be the subgroup of CSL consisting of (the classes of) F̂ -string
links. An advantage of F̂ -links is that p-structures of the surgery manifolds are
naturally described in terms of those of a fixed space X =
∨m
S1, the wedge of
m circles. Namely, in Section 2, we show that every p-structure T = ({Xi}, θ) of
height n for X canonically determines a p-structure ({Mi}, φ) of height n for the
surgery manifold M of the closure of an F̂ -string link β, and any p-structure for
M arises in this way. We define λT (β) ∈ L0(Q(ζd)) to be the Hirzebruch-type
invariant λ(Mn, φ). The result stated below essentially says that λT (β) is additive
under product of F̂ -string links.
Theorem 1.1. For any Zd-valued p-structure T = ({Xi}, θ) for X, the invariant
λT (β) is well-defined for any F̂ -string link, and this gives rise to a group homo-
morphism
λT : Ĉ SL −→ L0(Q(ζd)).
We remark that CSL and Ĉ SL contain the knot concordance group as a summand;
CSL(1) = Ĉ SL(1) is isomorphic to the knot concordance group and there is an ob-
vious split injection
⊕m CSL(1)→ Ĉ SL(m) ⊂ CSL(m) whose image is the (normal)
subgroup generated by “local knots”. (A precise definition of a local knot is given
in Section 4.) In order to study the sophistication peculiar to links, modulo knot
concordance, we consider the quotient of the string link concordance group modulo
local knots. A subclass of our invariants can be used to investigate this. Let xi
be the loop in X =
∨m
S1 representing the ith circle. We say that a p-structure
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T = ({Xi}, θ) of height n for X is locally trivial if any element in π1(Xn) which
projects to a conjugate of a power of [xi] in π1(X) is in the kernel of θ.
Addendum to Theorem 1.1. If T is locally trivial, then λT induces a group
homomorphism
λT :
Ĉ SL
〈local knots〉 −→ L
0(Q(ζd))
where 〈local knots〉 denotes the subgroup generated by local knots.
In fact our results on F̂ -string links also hold for a (potentially) larger class of
string links, namely Z(p)-coefficient F̂ -string links in the sense of [2], where Z(p)
designates the localization of Z away from p; the definition of a Z(p)-coefficient
F̂ -string link is identical with that of a F̂ -string link except that the algebraic
closure with respect to Z(p)-coefficients (see [1]) is used in place of Levine’s algebraic
closure. Since there is a natural transformation from Levine’s algebraic closure to
the algebraic closure with Z(p)-coefficients, an F̂ -(string) link is a Z(p)-coefficient
F̂ -(string) link. In all results in this paper, the term “F̂ -(string) link” can be
understood as this Z(p)-coefficient analogue.
1.3. Structure of Cochran-Orr-Teichner filtration. We use the homomor-
phism λT to investigate the structure of the Cochran-Orr-Teichner filtration
· · · ⊂ FSL(n.5) ⊂ FSL(n) ⊂ · · · ⊂ FSL(1) ⊂ FSL(0.5) ⊂ FSL(0) ⊂ CSL
of the string link concordance group [10, 14]. Here FSL(h) (h ∈ 12Z≥0) denotes the
subgroup (of concordance classes) of string links whose closures are (h)-solvable
in the sense of [10]. Harvey proved an interesting result on this filtration that
FSL(n)/FSL(n.5) is highly nontrivial [14]. More precisely, she considered the subgroup
B(m) of (concordance classes of) boundary string links in CSL, and the induced
filtration {BFSL(h) = FSL(h) ∩ B(m)} of B(m). She defined a real-valued group homo-
morphism
ρn :
BFSL(n)
BFSL(n.5) · 〈local knots〉
−→ R,
and using it, proved that the abelianization of BFSL(n)/(BFSL(n.5) · 〈local knots〉) has
infinite rank for any m > 1 and n. (In the original statement in [14], BFSL(n+1) was
used in place of BFSL(n.5); it was generalized to the above form in a subsequent work
of Cochran and Harvey [7].)
Our invariant reveals further information on the filtration. Let F̂SL(h) = FSL(h)∩Ĉ SL.
We remark that BFSL(h) is a subgroup of F̂SL(h) since a boundary string link is an F̂ -
string link. It is known that there are F̂ -(string) links which are not concordant to
any boundary (string) link [9]; the examples in [9] illustrate that BFSL(1) is a proper
subgroup of F̂SL(1) for m > 1.
The following result may be viewed as a refinement of Theorem 1.1:
Theorem 1.2. For any p-structure T = ({Xi}, θ) of height n, λT gives rise to a
homomorphism
F̂SL(n)/F̂SL(n.5) ⊂ Ĉ SL/F̂SL(n.5) −→ L0(Q(ζd)).
In addition, if T is locally trivial, then λT induces a homomorphism
F̂SL(n)
F̂SL(n.5) · 〈local knots〉
⊂ Ĉ
SL
F̂SL(n.5) · 〈local knots〉
−→ L0(Q(ζd)).
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Using this theorem we show that for any m > 1 and n, the abelianization of
F̂SL(n)/(F̂SL(n.5) · 〈local knots〉) is of infinite rank (see Theorem 5.4). As an immediate
corollary of (the proof of) this, we obtain an alternative proof of Harvey’s result that
the abelianization of BFSL(n)/(BFSL(n.5) · 〈local knots〉) has infinite rank. Moreover,
we prove that the kernel of Harvey’s homomorphism ρn is large:
Theorem 1.3. For any m > 1 and n, the abelianization of the kernel of ρn on
BFSL(n)/(BFSL(n.5) · 〈local knots〉) has infinite rank.
In the proof of Theorem 1.3 we construct concrete examples of (boundary) string
links which have vanishing ρn-invariants but are linearly independent (over Z) in
the abelianization. We remark that recently Cochran, Harvey, and Leidy [8] have
announced a (different) proof of the following statement, which is an immediate
consequence of Theorem 1.3: viewing ρn as a homomorphism on BFSL(n)/BFSL(n.5),
its kernel is infinitely generated (without taking the abelianization and without
taking the quotient by local knots).
As a part of the proof Theorem 1.2, we investigate the relationship between the
solvability of a 3-manifold and its (iterated) covers. A related result we call Cov-
ering Solution Theorem seems interesting by its own. Roughly speaking, it says:
taking an abelian p-cover, the solvability decreases by one. (We need some techni-
cal assumptions; for precise statements, refer to Definition 3.1 and Theorem 3.5.)
Further applications of Covering Solution Theorem will be discussed in later papers.
1.4. Disk basings and independence of links. We also investigate the structure
of the Cochran-Orr-Teichner filtration of (spherical) links. Let CL(m) be the set of
concordance classes of m-component links in S3, and let
· · · ⊂ FL(n.5) ⊂ FL(n) ⊂ · · · ⊂ FL(1) ⊂ FL(0.5) ⊂ FL(0) ⊂ CL(m)
be the Cochran-Orr-Teichner filtration of CL(m), namely, FL(h) is the collection (of
concordance classes) of (h)-solvable links in the sense of [10].
In contrast to CSL(m), CL(m) does not have a natural group structure for m > 1.
One can think of a connected sum of two links, but in general it does not give
a unique (concordance class of a) link. To define a connected sum one may pass
through string links; by choosing a “disk basing” of a link L in the sense of [12], one
obtains a string link β whose closure is L. Here a disk basing is an embedded 2-disk
in S3 which meets components of L transversely at prescribed positive intersection
points, and β is obtained by cutting S3 along the 2-disk. Given two links L1 and
L2, a connected sum of L1 and L2 is defined to be the closure of the product of two
string links obtained from L1 and L2 by choosing disk basings. Similarly we define
a connected sum of finitely many links by choosing disk basings and an order of
the links.
Regarding the role of disk basings, we think of a strong notion of “independence”
of links as below. For a link L and a ∈ Z, we denote by aL a copies of L if a ≥ 0,
and |a| copies of −L for a < 0, where −L designates the inverse of L. A family
{Li}i∈I of links indexed by a set I is called independent over Z modulo FL(h) and
local knots if the following holds: for any sequence {ai}i∈I of integers which are
all zero but finitely many, if a connected sum of the aiLi (i ∈ I) with some local
knots added is (h)-solvable, then ai = 0 for all i ∈ I. Roughly, this means that any
connected sum of copies of a link in {Li}i∈I is never obtained as a connected sum
of copies of other links in {Li}i∈I even modulo (h)-solvability and local knots.
Theorem 1.4. For any m > 1 and n, there are infinitely many m-component links
which are in FL(n), have vanishing ρn-invariant, and are independent over Z modulo
FL(n.5) and local knots.
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In [2], it was shown that the nth iterated Bing doubles of some knots are in FL(n)
and have vanishing ρn-invariant but are not in FL(n+1). Using the techniques used
in the proof Theorem 1.4, we generalize this result by showing that the knots can
be chosen in such a way that their nth iterated Bing doubles satisfy the conclusion
of Theorem 1.4.
In [2], it was also shown that there are 2-torsion links in an arbitrary depth of the
Cochran-Orr-Teichner filtration; the examples are the nth iterated Bing doubles of
certain (negatively) amphichiral knots. (We call a link L 2-torsion if a connected
sum of L and L itself is a slice link; we remark that the ρn-invariants vanish for
any 2-torsion link.) We consider the following analogous notion of independence
for 2-torsion links: a family {Li}i∈I of 2-torsion links is said to be independent
over Z2 modulo FL(h) and local knots if a subset J of I is an empty set whenever a
connected sum of {Lj}j∈J with some local knots added is (h)-solvable. We show
that the 2-torsion examples of iterated Bing doubles in [2] can be chosen in such a
way that they are independent in this sense:
Theorem 1.5. For any n, there are infinitely many amphichiral knots whose nth it-
erated Bing doubles are 2-torsion, in FL(n), and independent over Z2 modulo FL(n+1.5)
and local knots.
The proofs of Theorems 1.4 and 1.5 involve a careful analysis of the effect of a
disk basing change on p-structures, utilizing results of Habegger and Lin [12, 13].
See Section 6 for details.
2. Invariants of string links
We review basic definitions and fix notations for string links. Fix m distinct
points p1, . . . , pm in the interior of D
2. An m-component string link (or m-string
link) is defined to be the image of a locally flat proper embedding of {1, . . . ,m} ×
[0, 1] into D2 × [0, 1] sending (i, t) to (pi, t) for i = 1, . . . ,m and t = 0, 1. The
product of two string links is defined by juxtaposition. The concordance classes of
string links (in the sense of [13]) form a group under the product operation; the
inverse −β is the mirror image of β (about D2 × { 12}) with reversed orientation.
We denote this group by CSL = CSL(m) as in the introduction.
Gluing D2 × {0} and D2 × {1} along the identity map of D2 and then filling it
in with a solid torus in such a way that the image of {∗} × [0, 1] bounds a disk for
∗ ∈ ∂D2, we obtain from β a link L in S3, which is called the closure of β. It is
known that the closure L is a slice link if and only if β is concordant to a trivial
string link [13]. We denote the exterior of β and L by Eβ and EL, respectively. Also,
the surgery manifold of L is denoted by Mβ or ML. There are natural inclusions
Eβ → EL →Mβ .
As in the introduction, letX =
∨m
S1, the wedge ofm circles. Fix an embedding
f : X → D2 − {p1, . . . , pm} such that the wedge point ∗ ∈ X is sent to a fixed
basepoint on ∂D2 and x → (f(x), 0) defines a map µ : X → Eβ which sends the
ith circle of X to a positive meridian of the ith component of β. We call µ the
preferred meridian map of β. Sometimes the composition
X
µ−→ Eβ −→Mβ
is also referred to as the preferred meridian map.
We call a string link β an F̂ -string link if its closure L is an F̂ -link in the sense
of Levine [15], that is, the composition
X
µ−→ Eβ −→ EL
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induces an isomorphism π̂1(X)→ π̂1(EL) and the preferred longitudes of L are in
the kernel of the natural map π1(EL) → π̂1(EL). Here Ĝ denotes the algebraic
closure of a group G defined by Levine [15].
As a (potentially) generalized notion, we say that β is a Z(p)-coefficient F̂ -string
link if β satisfies the defining condition of an F̂ -string link with Levine’s algebraic
closure replaced by the “algebraic closure with respect to Z(p)-coefficients” defined
in [1]. Equivalently, β is a Z(p)-coefficient F̂ -string link if its closure is a Z(p)-
coefficient F̂ -link in the sense of [2]. Since an F̂ -string link is a Z(p)-coefficient
F̂ -string link for any p and since all results in this paper hold for the latter as well
as the former, from now on Ĝ denotes the algebraic closure of G with respect to
Z(p)-coefficients, and an “F̂ -string link” designates a Z(p)-coefficient F̂ -string link,
as an abuse of terminology. It can be seen that the set Ĉ SL of classes of F̂ -string
links is closed under the group operations of CSL, that is, Ĉ SL is a subgroup in CSL.
Suppose Y → Z is a map between CW-complexes. Then a Zd-valued p-structure
of height n for Z induces a Zd-valued p-structure of height n for Y via pullback
along Y → Z. We recall from [2] that Y → Z is called a p-tower map if pullback
gives rise to a 1-1 correspondence between Zd-valued p-structures of height n for
Y and Z for any n and d. For a more precise description, see Definition 3.4 of [2].
The following was proved in [2]:
Lemma 2.1 (Proposition 6.3 of [2]). For any F̂ -string link β, any meridian map
X → Mβ is a p-tower map. In particular, the preferred meridian map into Mβ is
a p-tower map.
Suppose T = ({Xk}, θ) is a Zd-valued p-structure of height n for X . Since
the preferred meridian map X → Mβ of β is a p-tower map, there is a uniquely
determined Zd-valued p-structure ({Mk}, φ) of height n for Mβ which induces T
via pullback. In [2, Definition 2.2], an invariant λ(Mn, φ) ∈ L0(Q(ζd)) is defined
when (Mn, φ) = 0 in the topological bordism group Ω
top
3 (BZd).
Lemma 2.2. If β is an F̂ -string link, then (Mn, φ) = 0 in Ω
top
3 (BZd).
The proof of Lemma 2.2 is postponed. By Lemma 2.2, the following definition
is meaningful for any F̂ -string link:
Definition 2.3. For a p-structure T = ({Xk}, θ) for X and an F̂ -string link β, we
define
λT (β) = λ(Mn, φ) ∈ L0(Q(ζd))
where ({Mk}, φ) is the p-structure for Mβ induced by T as above.
The main aim of this section is to prove the following additivity:
Theorem 2.4. If β and β′ are F̂ -string links, then for any p-structure T , we have
λT (β · β′) = λT (β) + λT (β′) in L0(Q(ζd)).
By [2, Theorem 6.2], λT (β) = 0 if β is concordant to a trivial string link. Com-
bining this with Theorem 2.4, we obtain (the first part of) Theorem 1.1 stated in
the introduction: for any p-structure T = ({Xk}, θ), the invariant λT (−) gives rise
to a group homomorphism
λT : Ĉ SL −→ L0(Q(ζd)).
The remaining part of this section is devoted to the proof of Lemma 2.2 and
Theorem 2.4.
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Proof of Lemma 2.2. Suppose β is an F̂ -string link. Suppose {Mi} is a p-tower of
height n for Mβ and φ : π1(Mn) → Zd is a character. Let {Xi} be the p-tower
for X and θ : π1(Xn)→ Zd be the character which are induced via pullback along
X →Mβ . Since X →Mβ is a p-tower map, the lift Xn →Mn of X →Mβ induces
an isomorphism
Hom(π1(Mn),Zpr ) ∼= Hom(π1(Xn),Zpr )
for any r. Since
H1(−)⊗ Zpr ∼= Hom(H1(−),Zpr ) ∼= Hom(π1(−),Zpr )
we have
H1(Mn)⊗ Zpr ∼= H1(Xn)⊗ Zpr .
Since Xn is a 1-complex, H1(Xn) ⊗ Zpr = (Zpr )s for all r, where s = β1(Xn)
is the first Betti number. Looking at the case r = 1 and the case of a suffi-
ciently large r, one can see that H1(Mn) is p-torsion free, that is, H1(Mn) has
no nontrivial p-primary summand. From this it follows that φ : π1(Mn) → Zd
factors through H1(Mn)/torsion, since d is a power of p. Furthermore the in-
duced map H1(Mn)/torsion → Zd factors through the projection Z → Zd since
H1(Mn)/torsion is a free abelian group.
From the above observation, it follows that (Mn, φ) ∈ Ωtop3 (BZd) is contained in
the image of Ωtop3 (BZ) → Ωtop3 (BZd). Therefore, (Mn, φ) = 0 in Ωtop3 (BZd) since
Ωtop3 (BZ) = 0 (e.g., by the Atiyah-Hirzebruch spectral sequence). 
Let M = Mβ, M
′ = Mβ′ , and N = Mβ·β′ be the surgery manifolds of the
closures of β, β′, and β · β′, respectively. In order to prove Theorem 2.4, as in
[11, 14] we consider a “standard” cobordism W between M ∪M ′ and N , which
can be described as follows: attaching a 1-handle to (M ∪M ′) × [0, 1], we obtain
a cobordism from M ∪M ′ to M#M ′. And then attaching m 2-handles along the
attaching spheres in M#M ′ as illustrated in Figure 1, we obtain a cobordism from
M#M ′ to N . (The last two surgery diagrams in Figure 1 are equivalent by handle
sliding and cancellation.) Our W is obtained by concatenating these cobordisms.
Figure 1. A cobordism from M#M ′ to N
Let ({Mk}, φ), ({M ′k}, φ′) and ({Nk}, ψ) be the p-structures of height n for M ,
M ′ and N , respectively, which are determined by a given p-structure T = ({Xk}, θ)
of height n for X . The first step of our proof is a construction of a bordism between
(Mn, φ), (M
′
n, φ
′), (Nn, ψ) using W .
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Lemma 2.5. There is a p-tower {Wk} of W which induces {Mk}, {M ′k}, and {Nk}
by pullback along the inclusions. Furthermore, there is a character π1(Wn) → Zd
which restricts to φ, φ′, and ψ on π1(Mn), π1(M ′n), and π1(Nn), respectively.
In order to prove Lemma 2.5, we need the following facts which were proved
in [15, 1, 2]: for CW-complexes or groups A and B, we say that f : A → B
is 2-connected with respect to Z(p)-coefficients if f induces an isomorphism on
H1(−;Z(p)) and an epimorphism on H2(−;Z(p)). We remark that the defining
condition holds for Z(p)-coefficients if and only if it holds for Zp-coefficients. In
this section, for convenience we simply say that a map is 2-connected when it is
2-connected with respect to Z(p) (or Zp)-coefficients.
Lemma 2.6. In what follows A, B, and Bi are CW-complexes with finite 2-
skeletons.
(0) For any group G, the natural map G→ Ĝ is 2-connected [15, 1].
(1) If f : A→ B is 2-connected, then f induces an isomorphism π̂1(A)→ π̂1(B)
[15, 1].
(2) As a weak converse to (1), if {fi : A → Bi} is a finite collection of maps
inducing isomorphisms π̂1(A) → π̂1(Bi), then there is a 2-connected map
g : A → Z = (a K(G, 1)-space with finite 2-skeleton) such that for each i
there is a 2-connected map Bi → Z making the diagram
A Bi
Z
//fi
?
??
??
g 
commute [2, Proof of Proposition 3.9].
(3) Any f : A→ B inducing an isomorphism π̂1(A)→ π̂1(B) is a p-tower map
[2, Proposition 3.9].
We remark that although [2, Proof of Proposition 3.9] discusses a special case
of Lemma 2.6 (2) that the family {fi} consists of only one map, exactly the same
argument proves the above generalized case.
Proof of Lemma 2.5. Let X ′ = X and µ : X → Eβ →M and µ′ : X ′ → Eβ′ →M ′
be the preferred meridian maps of β and β′. By Lemma 2.1, µ and µ′ induce
isomorphisms π̂1(X) → π̂1(M) and π̂1(X ′) → π̂1(M ′). By Lemma 2.6 (2), it
follows that there are 2-connected maps ofM ,M ′ into a CW-complex Z with finite
2-skeleton making the following diagram commute:
X M
M ∨M ′ W Z
X ′ M ′
//µ
 ''OO
OO
OO
OO
OO
OO
OO
OO
O
// //
//µ
′
OO 77ooooooooooooooooo
Note that W has the homotopy type of(
M ∨M ′) ∪ (m 2-disks attached along µ∗(xi)µ′∗(x′i)−1)
where xi and x
′
i denote the paths representing the ith circle in X and X
′, respec-
tively. It follows that there is a map W → Z making the above diagram commute.
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Let µ′′ : X ′′ → N be the preferred meridian map of β ·β′, where X ′′ = X . It can
be seen from Figure 1 that the preferred meridians of β, β′, and β ·β′ are homotopic
in W . Therefore, we have the following commutative diagram which extends the
above one:
X M
M ∨M ′ W Z
X ′ M ′
X ′′ N
//µ
 ''OO
OO
OO
OO
OO
OO
OO
OO
O
// //
//µ
′
OO
//µ
′′
GG

















By Lemma 2.6 (3), the composition map X → Z is a p-tower map. So, given
T = ({Xk}, θ), there is a p-tower {Zk} for Z and a character of π1(Zn) inducing
{Xk} and θ via pullback. Now, by their definition, {Mk}, {M ′k}, and {Nk} are
identical with the pullback p-towers induced by {Zk}, and similarly for characters.
It follows that the p-tower {Wk} for W induced by {Zk} and the character of
π1(Wn) induced by that of π1(Zn) have the claimed properties. 
Let {(M ∪M ′)k} and {(M ∨M ′)k} be the pullback p-towers of M ∪M ′ and
M ∨M ′ determined by {Zk} in the above proof.
Lemma 2.7. H2((M ∪M ′)k;Z(p))→ H2(Wk;Z(p)) is surjective for all k.
We remark that our argument below also shows the conclusion for Zp-coefficients.
Proof. Since (M ∨M ′)k has the homotopy type of (M ∪M ′)k∪ (1-cells),
H2((M ∪M ′)k;Z(p)) −→ H2((M ∨M ′)k;Z(p))
is surjective by the long exact sequence of the pair ((M ∨M ′)k, (M ∪M ′)k). There-
fore, it suffices to show that
H2((M ∨M ′)k;Z(p)) −→ H2(Wk;Z(p))
is surjective. Let Y =
∨m
S1, and let Y → X ∨ X ′ be the map sending the ith
circle yi of Y to xi(x
′
i)
−1. (Recall that xi and x′i represent the ith circles of X and
X ′, respectively.) Since W has the homotopy type of
(M ∨M ′) ∪
(
m 2-disks attached along the image of yi under
Y → X ∨X ′−−−→
µ∨µ′
M ∨M ′
)
we can see that Wk has the homotopy type of
(M ∨M ′)k ∪
(
2-disks attached along the image of lifts of yi under
Yk → (X ∨X ′)k → (M ∨M ′)k
)
where {(X∨X ′)k} and {Yk} are the pullback p-towers of X ∨X ′ and Y determined
by {Zk}, respectively. (In fact, Yk is a disjoint union of copies of Y since Y → Z
factors through W and π1(Y ) → π1(W ) is trivial.) From this we obtain a Mayer-
Vietoris exact sequence
H2((M ∨M ′)k;Z(p)) −→ H2(Wk;Z(p)) −→ H1(Yk;Z(p)) −→ H1((M ∨M ′)k;Z(p)).
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We will complete the proof by showing that the rightmost map on H1(−;Z(p)) is
injective. For this purpose, we factor Y →M ∨M ′ into a composition of 3 maps:
Y
ι−→ Y ∨ Y ′ α−→ X ∨X ′ µ∨µ
′
−−−→M ∨M ′
where Y ′ = Y , the first map ι is an obvious inclusion into the first factor, and
the second map α is defined by yi 7→ xi(x′i)−1 and y′i 7→ x′i (here y′i represents
the ith circle of Y ′). We investigate the induced maps on pullback p-towers {Yk},
{(Y ∨ Y ′)k}, {(X ∨X ′)k}, and {(M ∨M ′)k} determined by {Zk}:
(1) ι induces an injection
H1(Yk;Z(p)) −→ H1((Y ∨ Y ′)k;Z(p))
since Yk → (Y ∨ Y ′)k is an embedding between 1-complexes, being the lift
of an embedding ι.
(2) α induces an isomorphism
H1((Y ∨ Y ′)k;Z(p)) −→ H1((X ∨X ′)k;Z(p)).
For, α induces an isomorphism on π̂1(−) by Lemma 2.6 (1), since α is an
H1-isomorphism and H2(X ∨ X ′;Z(p)) = 0. By Lemma 2.8 stated below,
it follows that
(Y ∨ Y ′)k −→ (X ∨X ′)k
induces an isomorphism on π̂1(−). From this the claim follows, by Lemma
2.6 (0).
(3) µ ∨ µ′ induces an isomorphism
H1((X ∨X ′)k;Z(p)) −→ H1((M ∨M ′)k;Z(p)).
For, for the CW-complex Z in the proof of the previous lemma, we have a
commutative diagram
X ∨X ′ M ∨M ′
Z ∨ Z
//µ∨µ
′
$$JJ
JJ
JJ
JJ
zzttt
tt
tt
t
with maps into Z ∨ Z 2-connected. Applying Lemma 2.6 (1), it follows
that µ ∨ µ′ induces an isomorphism on π̂1(−). Now the claim is shown by
Lemma 2.8 and Lemma 2.6 (0) as we did above.
Combining (1), (2), and (3), it follows that
H1(Yk;Z(p)) −→ H1((M ∨M ′)k;Z(p))
is injective. 
Lemma 2.8. Suppose A and B are CW-complexes with finite 2-skeletons and A→
B is a map inducing an isomorphism on π̂1(−). Suppose π1(B) → Γ is a map
into an abelian p-group Γ, and AΓ and BΓ are covers of A and B, respectively,
induced by π1(A) → π1(B) → Γ. Then the lift AΓ → BΓ induces an isomorphism
on π̂1(−). Consequently, for any p-tower {Bk} of B and the pullback p-tower {Ak}
of A, Ak → Bk induces an isomorphism on π̂1(−).
Proof. By Lemma 2.6 (2), there is a commutative diagram
A B
Z
//
?
??
??
 


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where Z has finite 2-skeleton and vertical maps are 2-connected. SinceH1(B;Zpr ) ∼=
H1(Z;Zpr ) for all r, the given π1(B) → Γ factors through π1(Z). So, taking Γ-
covers AΓ, BΓ, and ZΓ of A, B, and Z, we obtain a commutative diagram
AΓ BΓ
ZΓ
//
?
??
??
?
 


.
Since Γ is a p-group and the maps into Z in the previous diagram are 2-connected,
the maps into ZΓ in this diagram are 2-connected too, by Levine’s result [16, Proof of
Proposition 3.2]. (Refer to [2, Lemma 3.2 and 3.3], [6, Corollary 4.13] for statements
that apply to our case directly. See also [6, Corollary 4.13].) By Lemma 2.6 (1), it
follows that π̂1(AΓ) ∼= π̂1(ZΓ) ∼= π̂1(BΓ). 
Now we are ready to prove Theorem 2.4.
Proof of Theorem 2.4. Suppose two F̂ -string links β, β′ and a p-structure T =
({Xk}, θ) for X are given. Recall our notation: ({Mk}, φ), ({M ′k}, φ′), ({Nk}, ψ)
are the p-structures of surgery manifolds of β, β′, β · β′ which are determined by
the given p-structure T , respectively.
We need to show that λ(Mn, φ)+λ(M
′
n, φ
′) = λ(Nn, ψ). By Lemma 2.5, there is
a bordism Wn endowed with a character π1(Wn)→ Zd between (Mn, φ)∪ (M ′n, φ′)
and (Nn, ψ). By the definition of λ(−,−) (see Definition 2.2 in [2]), we have
λ(Mn, φ) + λ(M
′
n, φ
′)− λ(Nn, ψ) = [λQ(ζd)(Wn)]− [λQ(Wn)]
where [λQ(ζd)(Wn)] is the Witt class of (the nonsingular part of) the Q(ζd)-valued
intersection form on H2(Wn;Q(ζd)), and [λQ(Wn)] is the Witt class of (the nonsin-
gular part of) the ordinary intersection form on H2(Wn;Q).
By Lemma 2.7,
H2((M ∪M)n;Z(p)) −→ H2(Wn;Z(p))
is surjective, and so is for Q-coefficients. It follows that [λQ(Wn)] = 0.
Let (M ∪ M ′)n+1 be the Zd-cover of (M ∪ M ′)n determined by φ and φ′,
and denote the Zd-cover of Wn by Wn+1 similarly. Note that H2(Wn;Q[Zd]) =
H2(Wn+1;Q) and similarly for M ∪M ′. So, applying Lemma 2.7 for k = n+ 1,
H2((M ∪M)n;Q[Zd]) −→ H2(Wn;Q[Zd])
is surjective. Since Q(ζd) is Q[Zd]-flat,
H∗(−;Q(ζd)) = H∗(−;Q[Zd])⊗Q[Zd] Q(ζd)
and thus the surjectivity on H2 holds for Q(ζd)-coefficients as well as Q[Zd]. It
follows that [λQ(ζd)(Wn)] = 0. 
3. Obstructions to being (n.5)-solvable
In this section we prove that the Hirzebruch type invariants of F̂ -links give
obstructions to being (n.5)-solvable, sharpening the results on (n + 1)-solvability
in [2]. Our result is best described in terms of the following p-analogue of the
integral (or rational) (h)-solvability. Denote the nth lower central subgroup of a
group G by G(n), i.e., G(0) = G and G(n+1) = [G(n), G(n)].
Definition 3.1. Suppose M is a closed 3-manifold. A 4-manifold W bounded by
M is called a Z(p)-coefficient (n)-solution of M if the following holds:
(1) W is a Z(p)-coefficient H1-bordism, i.e., H1(M ;Z(p)) → H1(W ;Z(p)) is an
isomorphism.
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(2) There exist u1, . . . , ur, v1, . . . , vr ∈ H2(W ;Z(p)[π/π(n)]), where π = π1(W )
and r = 12β2(W ), such that the Z(p)[π/π
(n)]-valued intersection form λ
(n)
W
on H2(W ;Z(p)[π/π
(n)]) satisfies λ
(n)
W (ui, uj) = 0 and λ
(n)
W (ui, vj) = δij .
If, in addition, the following holds, then W is called a Z(p)-coefficient (n.5)-solution
of M :
(3) There exist u˜1, . . . , u˜r ∈ H2(W ;Z(p)[π/π(n+1)]) such that λ(n+1)W (u˜i, u˜j) = 0
and ui is the image of u˜i.
If there is a Z(p)-coefficient (h)-solution of M (h ∈ 12Z≥0), then M is said to be
Z(p)-coefficient (h)-solvable. A (string) link is called Z(p)-coefficient (h)-solvable if
the surgery manifold (of its closure) is Z(p)-coefficient (h)-solvable.
Obviously an integral (h)-solution defined in [10] is a Z(p)-coefficient (h)-solution.
In this section, as an abuse of terminology, an (h)-solution always designates a Z(p)-
coefficient (h)-solution, and similarly for an (h)-solvable 3-manifold.
For a given φ : π1(M) → Zpa , denote Γj = Zpj (j = 0, 1, . . . , a) and let MΓj be
the cover of M determined by
π1(M)
φ−→ Zpa proj.−−−→ Zpa/pjZpa = Γj .
Theorem 3.2. Suppose ({Mi}, φ) is a p-structure of height n for M . If M is (n.5)-
solvable, H1(Mi) is p-torsion free for all i, and β1((Mn)Γj )− 1 = |Γj |(β1(Mn)− 1)
for j = 0, 1, . . . , a, then λ(Mn, φ) is well-defined and vanishes.
Before proving Theorem 3.2, we discuss its consequences for links:
Corollary 3.3. Suppose ({Mi}, φ) is a p-structure of height n for the surgery
manifold of an F̂ -link L. If L is (n.5)-solvable, then λ(Mn, φ) = 0.
Corollary 3.4. If β is an (n.5)-solvable F̂ -string link, then for any p-structure
T = ({Xi}, θ) of height n for X, λT (β) = 0.
Proof of Corollaries 3.3 and 3.4. First note that Corollary 3.4 follows immediately
from Corollary 3.3. To prove Corollary 3.3, recall that in the proof of Lemma 2.2
we have shown the following: if {Mi} is a p-tower of the surgery manifold M of an
F̂ -link, then H1(Mi) is p-torsion free and a meridian mapX =
∨m S1 →M induces
a pullback p-tower {Xi} such that H1(Mi)⊗Zp ∼= H1(Xi)⊗Zp. From this it follows
that β1(Mi) = β1(Xi). A straightforward Euler characteristic computation (e.g.,
see [2, Corollary 6.5]) for the cover Xi of X shows that β1(Xi)− 1 = d(β1(X)− 1)
when Xi is a d-fold cover of X . It follows that Theorem 3.2 applies to conclude
that λ(Mn, φ) = 0. 
Recall that Ĉ SL is the subgroup of the classes of F̂ -string links in CSL, FSL(h) is the
subgroup of the classes of integrally (h)-solvable string links in CSL in the sense of
[10, 14], and F̂SL(n) = Ĉ SL ∩ FSL(n). Since an integral (h)-solution is a Z(p)-coefficient
(h)-solution, as an immediate consequence of Corollary 3.4 and Theorem 2.4 we
obtain the first part of Theorem 1.2 in the introduction: λT (−) induces a group
homomorphism
λT : Ĉ SL(n)/F̂SL(n.5) −→ L0(Q(ζd))
whenever T is of height n.
The remaining part of this section is devoted to the proof of Theorem 3.2. The
proof of Theorem 3.2 consists of two steps; first we investigate the solvability of an
abelian p-cover of an (h)-solvable 3-manifold, in order to reduce the general case to
the special case of n = 0, and then we complete the proof by showing Theorem 3.2
for the case of n = 0. In the following two subsections we deal with each step.
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3.1. Solvability of abelian p-covers. The first step of the proof of Theorem 3.2,
namely Theorem 3.5 below, is also interesting on its own. For a space X endowed
with a homomorphism π1(X)→ Γ, we denote the Γ-cover of X by XΓ.
Theorem 3.5 (Covering Solution Theorem). Suppose W is an (h)-solution for M
with h ≥ 1, φ : π1(M) → Γ is a homomorphism onto an abelian p-group Γ, and
both H1(M) and H1(MΓ) are p-torsion free. Then φ extends to π1(W ), and WΓ is
an (h− 1)-solution of MΓ.
In the proof of Theorem 3.5, we use the following notations and observations. For
a fixed subring R of Q and a 4-manifold W endowed with π1(W )→ G, we denote
the RG-valued intersection form on H2(W ;RG) by λ
G
W . Here RG is regarded as a
ring with involution g¯ = g−1 as usual. We adopt the convention that H∗(W ;RG)
is a right RG-module and λGW is defined by
λGW (x, y) =
∑
g∈G
(x · yg)g
where · designates the ordinary intersection number. Then λGW satisfies λGW (xg, y) =
λGW (x, y)g, λ
G
W (x, yg) = g¯λ
G
W (x, y), and λ
G
W (y, x) = λ
G
W (x, y).
Suppose G → Γ is a surjective group homomorphism with kernel H . Then the
Γ-cover WΓ is defined, and since π1(W ) → G induces π1(WΓ) → H , the H-cover
(WΓ)H of WΓ is also defined. In fact, WG = (WΓ)H . It follows that H∗(W ;RG) ∼=
H∗(WΓ;RH). Choose pre-images gi ∈ G (i = 1, . . . , |Γ|) of each element of Γ,
i.e., the gi are coset representatives of H ⊂ G. Note that λHWΓ is the RH-valued
intersection form of WΓ. Regarding RH as a subring of RG, we have the following
identity, which can be verified easily by using the defining formula of λGW and λ
H
WΓ
.
Lemma 3.6. λGW (x, y) =
∑
i
λHWΓ(x, ygi)gi ∈ RG
The following observation is also necessary to prove Theorem 3.5.
Lemma 3.7. Suppose R is a subring of Q. If W is a 4-manifold with boundary M
and H1(M ;R)→ H1(W ;R) is surjective, then H2(W ;R) is a free R-module.
Proof. We have
H2(W ;R) = H
2(W,M ;R) = Hom(H2(W,M), R)⊕ Ext(H1(W,M), R).
Since R is torsion free, Hom(H2(W,M), R) is isomorphic to a free R-module of
rank β2(W ). By the surjectivity assumption, 0 = H1(W,M ;R) = H1(W,M) ⊗ R.
From this it follows that the free part of H1(W,M) is trivial. Also, if H1(W,M)
has a Zr-summand, then 1/r ∈ R. Since Ext(Zr, R) = R/rR, it follows that
Ext(H1(W,M), R) = 0. 
Proof of Theorem 3.5. Recall our assumptions: W is an (h)-solution of M , h > 1,
MΓ is a Γ-cover determined by π1(M) → Γ, and both H1(M) and H1(MΓ) are
p-torsion free.
Since H1(M ;Z(p))→ H1(W ;Z(p)) is an isomorphism, M and W have the same
H1(−)/(torsion coprime to p). Since Γ is an abelian p-group, π1(M) → Γ factors
through H1(M)/(torsion coprime to p), and thus it extends to π1(W ). Therefore,
there is defined the Γ-cover WΓ of W with boundary MΓ.
Also, H1(W,M ;Z(p)) = 0. It follows that H1(WΓ,MΓ;Z(p)) = 0 by Levine’s ar-
gument [16, Proof of Proposition 3.2] (see [2, Lemma 3.2, 3.3], [6, Corollary 4.13] for
statements that apply to our case directly), and so H1(MΓ;Z(p)) → H1(WΓ;Z(p))
is surjective. To show that H1(MΓ;Z(p)) → H1(WΓ;Z(p)) is an isomorphism, we
will prove that in the exact sequence
H2(WΓ;Z(p)) −→ H2(WΓ,MΓ;Z(p)) −→ H1(MΓ;Z(p)) −→ H1(WΓ;Z(p)) −→ 0
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the leftmost map is surjective. For this purpose, we need the following two claims:
Claim 1. β2(WΓ) ≤ |Γ|β2(W ).
To prove this we appeal to the following fact proved in [2]: for any p-group Γ,
β2(WΓ;Zp) ≤ |Γ|β2(W ;Zp)
where βi(−;Zp) denotes the Zp-Betti number. In our case, since H2(W ) is p-torsion
free by Lemma 3.7, we have
β2(WΓ) ≤ β2(WΓ;Zp) ≤ |Γ|β2(W ;Zp) = |Γ|β2(W ).
For the second claim, we write h = n or n.5 for some integer n, and let
G = π1(W )/π1(W )
(n). Note that there is G → Γ since π1(W )(n) ⊂ π1(W )(1) ⊂
π1(WΓ) ⊂ π1(W ). As in Lemma 3.6, let H = π1(WΓ)/π1(W )(n) be the kernel of
G→ Γ.
Claim 2. There are elements x1, . . . , xm, y1, . . . , ym in H2(WΓ;Z(p)H) such that
λHWΓ(xi, xj) = 0 and λ
H
WΓ
(xi, yj) = δij , where m =
1
2 |Γ|β2(W ).
To construct the xi and yi, we start with u1, . . . , ur, v1, . . . , vr ∈ H2(W ;Z(p)G)
such that λGW (ui, uj) = 0 and λ
G
W (ui, vj) = δij , which are given by the defini-
tion of the (h)-solvability, where r = 12β2(W ). Choose a pre-image gi ∈ G (i =
1, . . . , |Γ|) of each element in Γ as in Lemma 3.6. Then the elements uigk, vigk in
H2(W ;Z(p)G) = H2(WΓ;Z(p)H) satisfy λ
H
WΓ
(uigk, ujgℓ) = 0 and λ
H
WΓ
(uigk, vjgℓ) =
δijδkℓ by Lemma 3.6. This proves Claim 2.
Returning to the proof of the surjectivity of H2(WΓ;Z(p))→ H2(WΓ,MΓ;Z(p)),
consider the images x¯i, y¯i ∈ H2(WΓ;Z(p)) of the xi and yi. By Claim 2 and
by the naturality of the intersection form, it follows that the Z(p)-valued ordinary
intersection numbers of the xi and yi inWΓ are given by x¯i · x¯j = 0 and x¯i · y¯j = δij .
Therefore β2(WΓ) ≥ 12 |Γ|β2(W ). Combining this with Claim 1, we have β2(WΓ) =
1
2 |Γ|β2(W ), and H2(WΓ;Q)→ H2(WΓ,MΓ;Q) is an isomorphism.
Consider the below commutative diagram:
H1(MΓ;Z(p)) H1(WΓ;Z(p))
H1(MΓ;Q) H1(WΓ;Q)
//
 
//
The bottom horizontal arrow is injective by the last paragraph, and so is the left
vertical arrow, since H1(MΓ) is p-torsion free. It follows that the top horizontal
arrow is also injective, and therefore is an isomorphism.
Now, observe that π1(W )
(n) ⊂ π1(WΓ)(n−1) since Γ is abelian. So there is an
induced map H → N = π1(WΓ)/π1(WΓ)(n−1). Let x′i, y′i ∈ H2(WΓ;Z(p)N) be the
image of xi, yi ∈ H2(WΓ;Z(p)H) given in Claim 2 (i = 1, . . . ,m). Then by the
naturality of the intersection form, λNWΓ(x
′
i, x
′
i) = 0 and λ
N
WΓ
(x′i, y
′
i) = δij . Since
m = 12 |Γ|β2(W ) = 12β2(WΓ), it follows that WΓ is an (h− 1)-solution of MΓ when
h = n.
For the case of h = n.5, there are u˜1, . . . , u˜r ∈ H2(W ;Z(p)[π1(W )/π1(W )(n+1)])
such that λ
(n+1)
W (u˜i, u˜j) = 0 and ui is the image of u˜i. Similarly to the construction
of the above xi, we can produce m elements x˜i ∈ H2(WΓ;Z(p)[π1(WΓ)/π1(WΓ)(n)])
from the u˜i, in such a way that the x˜i together with the xi, yi satisfy the intersection
form condition required in the definition of (n.5)-solvability. This completes the
proof for h = n.5. 
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3.2. Vanishing of λ(M,φ) for (0.5)-solvable M .
Theorem 3.8. Suppose M is (0.5)-solvable 3-manifold with p-torsion free H1(M)
and φ : π1(M) → Γ = Zpa is a character such that β1(MΓi) − 1 = pi(β1(M) − 1)
for i = 0, 1, . . . , a. Then λ(M,φ) = 0 in L0(Q(ζpa)).
Here MΓi is the Zpi -cover of M defined in the paragraph before Theorem 3.2.
By applying Covering Solution Theorem 3.5 inductively n times and applying
Theorem 3.8 to the nth iterated cover, the main theorem of this section (Theo-
rem 3.2) follows immediately.
Proof. Suppose W is a (Z(p)-coefficient) (0.5)-solution of M . Since H1(M ;Z(p)) ∼=
H1(W ;Z(p)), φ extends to π1(W ) as in the proof of Theorem 3.5. Therefore λ(M,φ)
is defined and can be computed from the intersection forms of W .
Since W is a (0.5)-solution, there are u˜1, . . . , u˜r ∈ H2(W ;Z(p)[π/π(1)]) and
v1, . . . , ur ∈ H2(W ;Z(p)) such that λ(1)W (u˜i, u˜j) = 0 and λW (ui, vj) = δij where
π = π1(W ), r =
1
2β2(W ), and ui is the image of u˜i. Multiplying the u˜i and vj by
some constant c coprime to p, we may assume that the ui and vi are in the image
of H2(W ;Z[π/π
(1)]) and H2(W ), at the cost of λW (ui, vj) = c
2δij instead of δij .
Choose the pre-images x˜i ∈ H2(W ;Z(p)[π/π(1)]) of u˜i and yj ∈ H2(W ;Z(p)) of vj ,
respectively.
Denote ωi = ζpi . Since Γi is abelian, there is a canonically induced map
Z[π/π(1)] → ZΓi, and ZΓi, ZpΓi, QΓi, and Q(ωi) can be used as homology co-
efficients of W (and M , (W,M) as well). For R = ZΓi, ZpΓi, QΓi, and Q(ωi),
let
A(R) = Im{H2(W ;R) −→ H2(W,M ;R)}, and
L(R) = R-submodule of A(R) generated by the image of x˜i.
Note that Γ0 is the trivial group so that ZΓ0 = Z and similarly for Zp and Q
coefficients.
Claim 1. dimQ L(QΓi) ≥ 12 dimQA(QΓi) for i = 0, 1, . . . , a.
To prove Claim 1, we need the following fact, which is a p-analogue of a result
due to Cochran and Harvey [7, Proposition 2.7]:
(∗) dimZp
H2(W,M ;ZpΓi)
L(ZpΓi)
≤ |Γi| dimZp
H2(W,M ;Zp)
L(Zp)
Since the proof of [7, Proposition 2.7] carries over to our p-group case (using p-
analogous statements when necessary; see also [6]), we omit details of the proof
of (∗).
SinceH1(M ;Z(p)) ∼= H1(W ;Z(p)),H1(W,M ;Z(p)) = 0. ConsequentlyH1(W,M)
is p-torsion free. Also, observe that H1(W ) is p-torsion free since H1(W ;Z(p)) ∼=
H1(M ;Z(p)) has no torsion by the hypothesis. So,
H2(W,M ;Z(p)) = H
2(W ;Z(p)) = Hom(H2(W ),Z(p))⊕ Ext(H1(W ),Z(p))
= Hom(H2(W ),Z(p))
has no torsion, and therefore H2(W,M) is p-torsion free. From these observations,
it follows that
dimZp H2(W,M ;Zp) = rankZH2(W,M)/torsion = β2(W ).
Recall that L(Zp) is generated by the images of the
1
2β2(W ) elements x˜i. Since
there are the dual elements, namely the images of the yj whose intersection with
the image x˜i is c
2δij , and since our constant c is coprime to p, it follows that the
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images of the x˜i are Zp-linearly independent inH2(W,M ;Zp) so that dimZp L(Zp) =
1
2β2(W ). Therefore, by (∗), we have
(∗∗) dimZp
H2(W,M ;ZpΓi)
L(ZpΓi)
≤ |Γi|
2
β2(W ).
By Levine’s result [16, Proof of Proposition 3.2] (refer to [2, Lemma 3.2 and 3.3],
[6, Corollary 4.13] for statements that apply to our case directly), H1(W,M ;Z(p)) =
0 implies that H1(W,M ;Z(p)Γi) = 0. So H1(W,M ;ZΓi) is p-torsion free, and
H2(W,M ;ZpΓ) = H2(W,M ;ZΓ)⊗Z Zp.
Since ⊗Z Zp preserves cokernels, we have
H2(W,M ;ZpΓi)
L(ZpΓi)
= Coker{L(ZΓi)⊗Z Zp −→ H2(W,M ;ZΓi)⊗Z Zp}
= Coker{L(ZΓi) −→ H2(W,M ;ZΓi)} ⊗Z Zp
=
H2(W,M ;ZΓi)
L(ZΓi)
⊗Z Zp
and similarly
H2(W,M ;QΓi)
L(QΓi)
=
H2(W,M ;ZΓi)
L(ZΓi)
⊗Z Q.
By (∗∗), it follows that
(∗∗∗) dimQ H2(W,M ;QΓi)
L(QΓi)
≤ dimZp
H2(W,M ;ZpΓi)
L(ZpΓi)
≤ |Γi|
2
β2(W ).
Since H1(W,M ;Z(p)Γi) = 0 as shown above, we have an exact sequence
0 −→ A(QΓi) −→ H2(W,M ;QΓi) −→ H1(M ;QΓi) −→ H1(W ;QΓi) −→ 0
and from this it follows that
dimQA(QΓi) = β2(WΓi)− β1(MΓi) + β1(WΓi ).
Note that β1(M) = β1(W ), and by our hypothesis, β1(MΓi) = |Γi|(β1(M)− 1)+ 1.
Combining this with (∗∗∗), we obtain
2 dimQ L(QΓi)− dimQA(QΓi)
≥ (β2(WΓi)− β1(WΓi ) + 1)− |Γi|(β2(W )− β1(W ) + 1)
= χ(WΓi)− |Γi|χ(W ) = 0
since β3(W ) = β1(W,M) = 0 and β3(WΓi) = 0 similarly. This finishes the proof of
Claim 1.
Claim 2. dimQ(ωi) L(Q(ωi)) =
1
2 dimQ(ωi)A(Q(ωi)) for i = 0, 1, . . . , a.
To prove this, we use an induction on i. First observe that ≤ always holds
since the Q(ωi)-valued intersection form on A(Q(ωi)) is nonsingular but vanishes
on L(Q(ωi)). So it suffices to show ≥. For i = 0, this is none more than Claim 1
for i = 0.
Suppose k > 0 and that Claim 2 holds for all i < k. Recall that the regular
representation Q[Zd] is isomorphic to the orthogonal sum
⊕
r|dQ(ζr). It follows
that for any j < i, Q(ωj) are (QΓi)-flat. So, we have
H2(W ;Q(ωj)) = H2(W ;QΓi)⊗QΓi Q(ωj),
H2(W,M ;Q(ωj)) = H2(W,M ;QΓi)⊗QΓi Q(ωj),
and therefore
A(Q(ωj)) = A(QΓi)⊗QΓi Q(ωj) and L(Q(ωj)) = L(QΓi)⊗QΓi Q(ωj).
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Using this, we have
L(QΓk) = L(QΓk) ⊗
QΓk
QΓi = L(QΓk) ⊗
QΓk
( k⊕
j=0
Q(ωi)
)
=
k⊕
j=0
L(QΓk) ⊗
QΓk
Q(ωi) =
k⊕
j=0
L(Q(ωj))
and so
dimQ L(QΓk) =
k∑
j=0
[Q(ωj) : Q] dimQ(ωj) L(Q(ωj)).
Similarly, we have an analogous formula for dimQA(QΓk), which is obtained by
replacing every occurrence of L(−) with A(−). By Claim 1 for i = k and by the
induction hypothesis, we have
dimQ(ωk) L(Q(ωk)) ≥
1
2
dimQ(ωk)A(Q(ωk))
as desired. This completes the proof of Claim 2.
Now, the nonsingular part of the Q(ωi)-valued intersection form λQ(ωi)(W ),
which is defined on A(Q(wi)), vanishes on a half-dimensional subspace, namely
L(Q(wi)). It follows that the Witt class [λQ(ωi)(W )] is trivial in L
0(Q(ωi)) for
i = 0, 1, . . . , a. Denoting the natural map L0(Q)→ L0(Q(ζpa )) by i∗, by definition
we have
λ(M,φ) = [λQ(ζpa )(W )]− i∗[λQ(W )] = 0. 
4. Local knots
In order to investigate the structure of link concordance modulo knot concor-
dance, we consider the quotient of string link concordance group by “local knots”;
Figure 2 illustrates the effect of adding a local knot to a string link.
Figure 2. Adding a local knot
It can be seen easily that adding a local knot to an m-string link is equivalent
to multiplication by a string link β which is the completely split union of one
(possibly knotted) arc and m − 1 unknotted line segments. Possibly as a slight
abuse of terminology, we call β a local knot. Note that a local knot β commutes
with any string link, so that any subgroup generated by a collection of local knots
is normal.
In this section we show that if a p-structure T is locally trivial, our invariant
λT ignores the effect of adding/removing local knots. Recall from the introduction
that T = ({Xi}, φ) of height n is called locally trivial if φ(z) = 0 whenever z is
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an element in π1(Xn) which projects to a conjugate of [xi]
r in π1(X) for some r.
(Here xi denotes the ith circle of X .)
Remark 4.1. We often view a character (into an abelian group) as a homomor-
phism of H1, so that θ([γ]) is well-defined for the homology class [γ] of a loop γ
based at any point in Xn. Then it can be seen easily that T is locally trivial if
and only if θ([γ]) = 0 whenever γ is a loop in Xn whose projection in X is freely
homotopic to xri for some r. Moreover, since a free homotopy in X lifts to Xn and
θ is preserved by free homotopy, “freely homotopic to” in the above statement can
be omitted.
Theorem 4.2. If a p-structure T for X is locally trivial, then λT (β) = 0 for any
local knot β.
As an immediate consequence of Theorems 2.4, 3.2, and 4.2, we obtain Adden-
dum to Theorem 1.1 and the second part of Theorem 1.2: If T is locally trivial,
then λT induces a homomorphism
λT :
Ĉ SL
〈local knots〉 −→ L
0(Q(ζd)).
If, in addition, T is of height n, then λT induces a homomorphism
λT :
F̂SL(n)
F̂SL(n.5) · 〈local knots〉
⊂ Ĉ
SL
F̂SL(n.5) · 〈local knots〉
−→ L0(Q(ζd)).
To prove Theorem 4.2, we appeal to the following result, which will also be used
in later sections as our main computation tool for 3-manifolds and (string) links
which are obtained by infection. Suppose M is a 3-manifold and α is a simple
closed curve inM . Removing an open tubular neighborhood of α fromM and then
filling it in with the exterior of a knot K in S3 so that the meridian and preferred
longitude of K is identified with a longitude and meridian of α, respectively, we
obtain a new 3-manifold N . We say that N is obtained fromM by infection along α
using K. In [2, Proposition 4.8], it was shown that there is a p-tower map N →M
which extends the identity map between N − (exterior of K) and M − (tubular
neighborhood of α).
Proposition 4.3 (Corollary 4.7 of [2]). Suppose N is obtained from M by infection
along a simple closed curve α using a knot K. Suppose ({Mi}, φ) is a Zd-valued p-
structure of height n and let ({Ni}, ψ) be the induced p-structure via pullback along
the p-tower map N →M . Let α˜1, α˜2, . . . ⊂Mn be the components of the pre-image
of α ⊂M , and rj be the degree of the covering map α˜j → α. Then
λ(Nn, ψ) = λ(Mn, φ) +
∑
j
(
[λrj (A, ζ
φ([α˜j ])
d )]− [λrj (A, 1)]
)
where [λr(A,ω)] is the Witt class of (the nonsingular part of) the hermitian form
represented by the following r × r block matrix:
λr(A,ω) =


A+AT −A −ω−1AT
−AT A+AT . . .
. . .
. . . −A
− ωA −AT A+AT


r×r
For r = 1 and 2, λr(A,ω) should be understood as[
(1− ω)A+ (1− ω−1)AT ] and [ A+AT −A− ω−1AT−AT − ωA A+AT
]
.
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Performing infection on the surgery manifold Mβ of a string link β along an
unknotted curve α in D2 × [0, 1] − β in such a way that the meridian of K is
identified with the preferred longitude of α, the resulting manifold is the surgery
manifoldM ′β of a new string link β
′, which is said to be obtained from β by infection.
Obviously, the composition of the preferred meridian map X →Mβ′ of β′ and the
p-tower map Mβ′ →Mβ is exactly the preferred meridian map of β. So we have a
formula relating λT (β′) to λT (β) and invariants of K, similarly to Proposition 4.3.
Proof of Theorem 4.2. Suppose T = ({Xi}, φ) is a Zd-valued p-structure of height
n for X . Observe that a local knot β is obtained from the trivial string link by
infection along the ith meridian for some i. Since the trivial link has vanishing λT ,
by Proposition 4.3 we have
λT (β) =
∑
j
(
[λrj (A, ζ
φ([α˜j ])
d )]− [λrj (A, 1)]
)
where α˜j is a loop in Xn which is a lift of x
rj
i and A is a Seifert matrix of the
infection knot. Since T is locally trivial, φ([α˜j ]) = 0 for all j. It follows that
λT (β) = 0. 
For later use, we observe that the defining condition of a locally trivial p-structure
is preserved by pullback, as stated below:
Lemma 4.4. Suppose f : X → Y is a map into a CW-complex Y and T =
({Xk}, θ) is a p-structure for X induced by a p-structure ({Yk}, φ) of height n for
Y via pullback along f . Then T is locally trivial if and only if φ([δ]) = 0 whenever
δ is a loop in Yn whose projection in Y is freely homotopic to f(x
r
i ) for some r.
Proof. Let fn : Xn → Yn be the lift of f . Note that a loop δ in Yn projects to f(xri )
if and only if δ = fn(γ) for some a loop γ in Xn which projects to x
r
i . (For the
only if part we need that Xn is the pullback of Yn.) Also, if a loop δ in Yn is freely
homotopic to fn(γ) for some loop γ in Xn, then φ([δ]) = θ([γ]) since θ is induced
by φ. The conclusion follows from this. 
5. Construction of examples
In [2], it was proved that the nth iterated Bing doubles (which has 2n compo-
nents) of certain knots are nontrivial in FL(n)/FL(n+1) but have vanishing Harvey’s
ρn-invariant. In this section, for any m we construct infinitely many m-component
string links with similar properties, and furthermore we show that they are linearly
independent in the abelianization of FL(n)/FL(n.5).
Our examples are constructed by infection on a trivial string link. First we show
that the class of F̂ -(string) links is closed under infection.
Proposition 5.1. Any (string) link obtained from an F̂ -(string) link via infection
by a knot is an F̂ -(string) link.
Proof. It suffices to prove the conclusion in the case of a link. Suppose L′ is obtained
from a link L via by infection along α using a knot. Let E and E′ be the exteriors of
L and L′, respectively. The p-tower map f : E′ → E given by [2, Proposition 4.8] is
actually an integral homology equivalence preserving the peripheral structure (see
the proof of [2, Proposition 4.8]). Choose a meridian map µ : X =
∨m
S1 → E,
i.e., µ sends the ith circle of X to a ith meridian of L. We may assume that the
image of µ is disjoint from a tubular neighborhood of α so that µ gives rise to a
meridian map µ′ : X → E′ satisfying f ◦ µ′ = µ. Since L is an F̂ -link, µ induces
an isomorphism on π̂1(−) [15]. Also, so does f by Lemma 2.6 (1), since f is a
homology equivalence. It follows that µ′ induces an isomorphism on π̂1(−). Since
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the longitudes of L are killed in π̂1(E) and f preserves the peripheral structure, the
longitudes of L′ is killed in π̂1(E′) ∼= π̂1(E). Therefore L′ is an F̂ -link. 
We will use infection knots and curves obtained by applying the following two
lemmas. In the first lemma, we denote the Levine-Tristram signature of K by
σK(ω), i.e., for ω ∈ S1 ⊂ C, σK(ω) is defined to be the average of the two one-sided
limits of the ω-signature of K given by
sign[(1− ω)A+ (1− ω−1)AT ]
where A is a Seifert matrix ofK. We remark two facts: first, one should think of the
average in order to obtain a concordance invariant for any ω ∈ S1. Second, when
ω is a primitive path root of unity for some prime power pa, it is known that there
is no nontrivial jump of the ω-signature at ω, so that the average σK(ω) is equal
to the ω-signature. In this case we do not distinguish σK(ω) and the ω-signature.
Lemma 5.2. There is an infinite sequence {Ki} of knots together with a strictly
increasing sequence {di} of powers of p satisfying the following properties:
(1) σKi(ζdi) > 0, and if p = 2 then σKi(ζ
s
di
) ≥ 0 for any s.
(2) if i < j, σKj (ζ
s
di
) = 0 for any s.
(3)
∫
S1 σKi(ω) dω = 0.
(4) Ki has vanishing Arf invariant.
We remark that the conclusion of Lemma 5.2 is slightly stronger than what we
actually need in this section; the extra parts will be used in a later section.
Lemma 5.3. For any m > 1 and n, there exist a loop α in X =
∨m
S1 and a
p-tower {Xk} of height n for X satisfying the following:
(1) [α] ∈ π1(X)(n) and every lift α˜j of α in Xn is a loop.
(2) There is a map f : π1(Xn) → Z which sends (the class of) each α˜j to −1,
0, or 1 and sends at least one α˜j to 1. In addition, for any Z → Zd,
the composition θ : π1(Xn)
f−→ Z → Zd gives a locally trivial p-structure
({Xi}, θ).
We postpone the proof of Lemmas 5.2 and 5.3, and proceed to discuss how our
examples are constructed.
Suppose {Ki} satisfies Lemma 5.2 and α satisfies Lemma 5.3. Let µ : X → Eβ0
be the preferred meridian map of a trivial string link β0. Choose any simple closed
curve in Eβ0 which is unknotted in D
2 × [0, 1] and realizes the homotopy class of
µ∗([α]) ∈ π1(Eβ0). Let β(Ki) be the string link obtained from β0 via infection using
Ki along the chosen simple closed curve. Note that β(Ki) is always an F̂ -string
link by Proposition 5.1.
Theorem 5.4. The string links β(Ki) are (n)-solvable and linearly independent in
the abelianization of Ĉ SL/(F̂SL(n.5) · 〈local knots〉). Consequently, the abelianization
of F̂SL(n)
/
(F̂SL(n.5) · 〈local knots〉) is of infinite rank for any n.
Proof. β(Ki) is an F̂ -string link by Proposition 5.1. Since [α] ∈ π1(X)(n) by
Lemma 5.3 (1) and Ki has vanishing Arf invariant by Lemma 5.2 (4), β(Ki) is
(n)-solvable by [10]. So (the concordance class of) β(Ki) is in F̂SL(n).
In order to show the independence, we use the invariant λT . Let {Xk} be the
p-tower in Lemma 5.3, and let θd : π1(Xn) → Zd be the composition of the map
f : π1(Xn)→ Z in Lemma 5.3 and the projection Z→ Zd sending 1 ∈ Z to 1 ∈ Zd.
Then, for T = ({Xk}, θd) and a knot K, appealing to Proposition 4.3 we have
λT (β(K)) =
∑
j
(
[λ1(A, ζ
θd([α˜j ])
d )]− [λ1(A, 1)]
)
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where A is a Seifert matrix of K. Observe that signλ1(A,ω) = σK(ω), σK(1) = 0,
and σK(ω) = σK(ω
−1). So by Lemma 5.3 (2),
signλT (β(K)) = c · σK(ζd).
where c is the number of lifts α˜j sent to ±1 by f : π1(Xn) → Z. Note that c > 0
and c is independent of d.
Suppose
∑
i aiβ(Ki) = 0 in the abelianization of Ĉ SL/(F̂SL(n.5) · 〈local knots〉)
where not all ai are zero. Choose a minimal i0 such that ai0 6= 0. Let di be
as in Lemma 5.2, and let T = ({Xk}, φdi0 ). Note that T is locally trivial by
Lemma 5.3 (2). Then by Theorem 1.2, Lemma 5.2, and by our choice of i0, we
have
0 = signλT
(∑
i
aiβ(Ki)
)
=
∑
i
ai signλT (β(Ki))
=
∑
i≥i0
cai · σKi(ζdi0 ) = cai0 · σKi0 (ζdi0 ).
Since c and σKi0 (ζdi0 ) is nonzero, ai0 should be zero. From this contradiction, it
follows that the β(Ki) are linearly independent in the abelianization of Ĉ SL/(F̂SL(n.5) ·
〈local knots〉). 
Since
∫
S1
σKi(ω) dω = 0 by Lemma 5.2 (3), it follows that each β(Ki) has van-
ishing Harvey’s ρn-invariant by results in [14]. Also, note that each β(Ki) is a
boundary link. (In fact it can be seen that any link obtained from a boundary
link by infection is again a boundary link.) So, as an immediate consequence of
Theorem 5.4, we obtain Theorem 1.3: the abelianization of the kernel of Harvey’s
homomorphism
ρn :
BFSL(n)
BFSL(n.5) · 〈local knots〉
−→ R
has infinite rank.
5.1. Construction of infection knots. In this section we will prove Lemma 5.2.
For this purpose, we need the following known facts. The first is a formula for the
signature of cable knots.
Lemma 5.5 (Repametrization formula [17, 9, 4, 3]). For a knot K, let K ′ be the
(r, 1)-cable of K. Then σK′(ω) = σK(ω
r) for any ω ∈ S1.
The second is a realization result of a “bump” signature function.
Lemma 5.6. For any θ0 ∈ (0, π), there is a knot K and an arbitrarily small
neighborhood I of θ0 contained in (0, π) such that σK(e
θ0
√−1) 6= 0 and σK(et
√−1) =
0 for t ∈ [0, π]− I.
Proof. In [5, Proof of Theorem 1], the following statement was shown: for any
given θ0 ∈ (0, π), there are θ ∈ (0, θ0) arbitrarily close to θ0 and a knot K such
that σK(e
t
√−1) = 0 for 0 ≤ t < θ and σK(et
√−1) is a nonzero constant for θ <
t ≤ π. Since the Levine-Tristram signature is additive under connected sum, i.e.,
σK#J(ω) = σK(ω)+σJ (ω), our conclusion follows immediate by applying the above
statement twice. 
Proof of Lemma 5.2. We use the following notations: for ω ∈ S1, Nǫ(ω) denotes
the ǫ-neighborhood of ω in S1 (with respect to the arc length metric) and arg(ω) ∈
[0, 2π) denotes the argument of ω.
Suppose θ0 and θ1 satisfying 0 < θ1 < θ0 < π/2 are given. Let ω0 and ω1 be
points in S1 such that θi = arg(ωi). We claim that there is a knot K with the
following properties:
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(1) σK(ω1) 6= 0.
(2) σK(ω) = 0 whenever ω, −ω, ω¯, and −ω¯ are not in I, where
I =
{
ω
∣∣∣ θ1
3
< arg(ω) < θ0
}
.
(3)
∫
S1
σK(ω) dω = 0.
To prove the claim, choose ǫ > 0 such that ǫ < min{θ0− θ1, θ1/3}. By Lemma 5.6,
there is a knot J such that σJ (ω1) > 0 and σJ (ω) = 0 for ω ∈ S1−[Nǫ(ω1)∪Nǫ(ω¯1)].
Let J ′ be the (2, 1)-cable of J . Then by Lemma 5.5, σJ′(ω) = σJ (ω2). It follows
that σJ′(ω) = 0 for
ω ∈ S1 − [Nǫ/2(√ω1) ∪Nǫ/2(−√ω1) ∪Nǫ/2(√ω1) ∪Nǫ/2(−√ω1)]
where
√
ω1 = e
θ1
√−1/2. Let K = J# − J ′. Then, since ǫ/2 < θ1/2, σJ′ (ω1) = 0
and so σK(ω1) = σJ (ω1) > 0. From this (1) follows. Since
θ1/3 < θ1/2− ǫ/2 < θ1 + ǫ < θ0,
both Nǫ(ω1) and Nǫ/2(
√
ω1) are contained in I. From this (2) follows. Since∫
S1
σJ′ (ω) dω =
∫
S1
σJ (ω) dω, (3) follows.
Now, choose powers d1, d2, . . . of p such that d1 ≥ 4 and di+1 > 3di. For each i,
applying the above claim to θ0 = 2π/3di−1 and θ1 = 2π/di, choose inductively
a knot Ki which satisfies the above (1), (2), and (3). Replacing Ki by Ki#Ki if
necessary, we may assume that Ki has vanishing Arf invariant. Then it can be
checked easily that {di} and {Ki} satisfy Lemma 5.2. 
5.2. Construction of an infection curve and an associated p-structure. In
this subsection we will prove Lemma 5.3. Observe that we may assume that m = 2,
i.e., X = S1∨S1; once this special case is proved, the general case of m > 2 follows
easily by attaching m− 2 additional circles.
We begin with a description of a loop α in X (which is determined by n). Define
loops αk and βk in X inductively as follows: let α0 = x0 and β0 = x1, i.e., the
paths representing the two (oriented) 1-cells of X , and
αk+1 = (αk, βk) = αkβkα
−1
k β
−1
k , βk+1 = αk(αk, βk)α
−1
k .
Note that αn, βn ∈ π1(X)(n). Let α = αn.
Next, we construct a p-tower {Xk} of height n and investigate the behaviour of
the lifts α˜j of α in Xn, similarly to [2, Section 7.1]. Fix a power q > 2 of p, and
let Γ = Zq ⊕ Zq. Let X0 = X , and let c0, d0 be the two (oriented) 1-cells of X0
corresponding to α0 and β0, respectively.
Suppose a cover Xk of X has been defined and two 1-cells ck and dk of Xk has
been chosen. Define a map Xk → K(Γ, 1) by sending all 0-cells and 1-cells of Xk
except ck, dk to a basepoint ∗ ∈ K(Γ, 1) and sending ck, dk to loops representing
(1, 0), (0, 1) ∈ Γ, respectively, and let φk : π1(Xk)→ Γ be the map induced by this.
We define Xk+1 to be the regular cover of Xk determined by φk.
Xk+1 can also be described by a cut-paste construction: let Yk be Xk with ck
and dk removed, and let Y (g) be a copy of Y for g ∈ Γ. Then
Xk+1 =
( ⋃
g∈Γ
Yk(g)
)
∪ {1-cells ck(g), dk(g)}g∈Γ
where ck(g) goes from (starting point of ck) ∈ Yk(g) = Y to (endpoint of ck) ∈
Yk(g + (1, 0)) = Yk, and dk(g) goes from (starting point of dk) ∈ Yk(g) = Y to
(endpoint of dk) ∈ Yk(g + (0, 1)) = Yk. See Figure 3. Define ck+1 = ck(0, 0) and
dk+1 = −ck(1, 1), i.e., ck(1, 1) with reversed orientation, as illustrated in Figure 3.
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Figure 3. Construction of Xk+1 from Xk
Let X¯k+1 be the 1-complex obtained from Xn+1 by collapsing each Yn(g) (g ∈ Γ)
to a point. For a path γ in Xk+1, we denote the image of γ in X¯k+1 by γ¯. In
particular the image of the 1-cells ck(g), dk(g) are denoted by c¯k(g), d¯k(g)
We choose a basepoint ∗ ∈ Xk as follows: ∗ ∈ X0 = S1 ∨ S1 is the wedge point,
and ∗ ∈ Xk+1 is defined to be the pre-image of ∗ ∈ Xk contained in Yk(0, 0) ⊂ Xk+1.
Also, we sometimes regard ∗ ∈ Xk as a point in Yk(g).
Lemma 5.7. For a 0-cell v in Xk+1, let γv and δv be the lift of αk+1 and βk+1 in
Xk+1 based at v, respectively. Note that v ∈ Yk(g) ⊂ Xk+1 for some g ∈ Γ.
(1) If v 6= ∗ ∈ Yk(g), then γ¯v and δ¯v are null-homotopic (rel ∂) in X¯k+1.
(2) If v = ∗ ∈ Yk(g), then γ¯v and δ¯v are homotopic (rel ∂) to
c¯k(g)d¯k(g + (1, 0))c¯k(g + (0, 1))
−1d¯k(g)−1 and
c¯k(g)c¯k(g + (1, 0))d¯k(g + (2, 0))c¯k(g + (1, 1))
−1d¯k(g + (1, 0))−1c¯k(g)−1
in X¯k+1, respectively.
Proof. We use an induction on k. When k = 1, the conclusion is easily verified.
Suppose it holds for k. Let v′ ∈ Xk be the image of v under Xk+1 → Xk. Let a
and b be the lifts of αk and βk in Xk based at v
′. Since αk+1 = αkβkα
−1
k β
−1
k , γv is
obtained by concatenating appropriate lifts of a, b, a−1, and b−1 in Xk+1.
If a¯ is homotopic (rel ∂) to a path which does not pass through c¯k nor d¯k in X¯k,
then by the construction of Xk+1 fromXk, any lift of a in Xk+1 is contained in some
Yk(−), and so γ¯ is null-homotopic (rel ∂) in X¯k+1. The analogue for b holds too.
From this it follows that γ¯v can be non-null-homotopic only if any paths homotopic
to a¯ or b¯ pass through either c¯k or d¯k. By our conclusion for k, this can be satisfied
only when v′ = ∗ ∈ Xk. Furthermore, if this is the case, it can be verified that the
image in X¯k+1 of lifts of a, b in Xk+1 are of the form c¯n(−), d¯n(−), respectively, so
that γ¯v is of the desired form. The conclusion for δ¯v is proved similarly. 
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Proof of Lemma 5.3. We will show that our α and {Xk} satisfy the conclusion of
Lemma 5.3. The remaining thing to show is that there is f : π1(Xn)→ Z with the
properties described in Lemma 5.3 (2). Choose a map X¯n → S1 which sends all 0-
cells of X¯n to a fixed basepoint in S
1, sends the 1-cells c¯n = c¯n(0, 0) and c¯n(1, 0) to a
loop generating π1(S
1) = Z and its inverse, respectively, and sends all other 1-cells
to the basepoint. Let f : π1(Xn)→ Z be the map induced by Xn → X¯n → S1.
Then, by using Lemma 5.7, it is easily verified that f sends all the lifts of α to
either −1, 0, or 1; for, if the image γ¯ of a lift of α in X¯n is not null-homotopic, then
from Lemma 5.7 it follows that γ¯ should be of the form described in Lemma 5.7 (2),
which can pass through c¯n−1(0, 0) and c¯n−1(1, 0) at most once but cannot pass
through both. Also, by Lemma 5.7 (2), (the image of) the lift of α based at ∗ ∈ Xn
passes through c¯n−1(0, 0) exactly once but never passes through c¯n−1(1, 0). So, this
lift is sent to 1 by f .
If γ is a loop in Xn which projects to a power of αi in X , then it can be
seen that γ¯ in X¯n is either null-homotopic or of the form
(∏
i c¯n(g + (i, 0))
)a
or(∏
j d¯n(g + (0, j))
)a
. From the definition of f , it follows that f sends γ to 0. This
shows the local triviality claim (see Remark 4.1). 
6. Independence of links
Recall that a connected sum of two links L1 and L2 is defined by choosing disk
basings; given a disk basing of each Li, we obtain a string link βi whose closure is
Li, and the closure of β1β2 is defined to be a connected sum of L1 and L2. In this
section we investigate “independence” of links under connected sum.
For this purpose, we need a result due to Habegger and Lin [13]. Following
[12, 13], we define a left action Σ· : β → Σβ of a 2m-string link Σ on an m-string
link β as in Figure 4. The right action ·Σ: β → βΣ is defined similarly. Denote
S = {Σ | 1mΣ = 1m} where 1m denotes the trivial m-string link.
Figure 4. Left action of Σ on β
Proposition 6.1 ([13]). The closures of two m-string links β1 and β2 are concor-
dant (as links) if and only if β2 is concordant to Σβ1 (as string links) for some
2m-string link Σ ∈ S.
Throughout this section, we assume p = 2. Fix m > 1 and n, and consider
the string links β(Ki) constructed in Section 5 (using p = 2). Namely, Ki is as in
Lemma 5.2 and β(Ki) is obtained from the trivial string link by infection using Ki
along a curve realizing the homotopy class of the loop given by Lemma 5.3. Let Li
be the closure of β(Ki).
Theorem 6.2. Suppose that a connected sum of the aiLi and some local knots
is Z(p)-coefficient (n.5)-solvable for some integers ai, some disk basings, and some
order of the aiLi. Then ai = 0 for all i.
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As mentioned in Section 5, each β(Ki) is (integrally) (n)-solvable and of van-
ishing Harvey’s ρn-invariant, and thus so is Li. Therefore, from Theorem 6.2,
Theorem 1.4 follows immediately: the links Li are (n)-solvable, has vanishing ρn-
invariants, and independent over Z modulo FL(n.5) and local knots.
Proof. We may assume that ai ≥ 0 by replacing Li by −Li (and Ki by −Ki) if
necessary. First we consider the special case that there is no local knot summand;
suppose β′ij (1 ≤ j ≤ ai) is a string link with closure Li and the product β′ of the
β′ij (in some order) is Z(p)-coefficient (n.5)-solvable. By Proposition 6.1, there is
Σij ∈ S such that β′ij is concordant to Σijβ(Ki). Let βij = Σijβ(Ki). Then the
product
β =
∏
i,j
βij
is Z(p)-coefficient (n.5)-solvable (for some order of the factors) since β is concordant
to β′.
Suppose not all ai are zero. Choose the minimal i0 such that ai0 6= 0. We will
derive a contradiction by showing that ai0 should be zero. For this purpose, we
need the following facts: let {Xk} be the p-tower constructed in Lemma 5.3. Then
(1) For each i, there is a character θi : π1(Xn)→ Zdi such that the p-structure
Ti = ({Xk}, θi) is locally trivial and satisfies λTi(β(Ki)) = c · σKi(ζdi) for
some constant c > 0.
(2) For any p-structure T = ({Xk}, θ) of height n with θ : π1(Xn) → Zd, we
have λT (β(K)) =
∑
k σK(ζ
sk
d ) for some {sk}.
(1) was proved in the proof of Theorem 5.4 using Lemma 5.3. Observing that our
infection curve α producing β(Ki) lifts to the nth term of the p-tower, (2) follows
immediately from Proposition 4.3, as in the proof of Theorem 5.4.
Among the factors βi0j (1 ≤ j ≤ ai0), choose an arbitrary one, say βi0j0 . Appeal-
ing to (1) above, choose a p-structure Ti0j0 of height n such that λTi0j0 (β(Ki0)) =
c · σKi0 (ζdi0 ).
Let µij be the composition of the preferred meridian map X → Eβ(Ki) for β(Ki)
and the natural inclusion
Eβ(Ki) −→ Eβij −→ Eβ −→Mβ
and µ : X →Mβ be the preferred meridian map for β. Then, since β is an F̂ -string
link, µ and the µij are p-tower maps by [2, Proposition 6.3]. So the p-structure Ti0j0
determines a p-structure T ′ for Mβ via µi0j0 , and then T ′ induces a p-structure Tij
for X via µij for each i, j. Also, T ′ induces a p-structure T for X via µ.
From our choice of the p-structures, it follows that
λT (β) =
∑
i,j
λT (βij) =
∑
i,j
λTij (β(Ki)).
By the property stated in Lemma 5.2 (1), we have
λTi0j0 (β(Ki0 )) = cσKi0 (ζdi0 ) 6= 0.
For i = i0 and j 6= j0, we have
λTi0j (β(Ki0 )) =
∑
k
σKi0 (ζ
sk
di0
)
for some {sk} by (2) above. By the property stated in Lemma 5.2 (1), each sum-
mand of λTi0j (β(Ki0)) is either zero or of the same sign with λTi0j0 (β(Ki0 )) (Here
we need the assumption that p = 2). For i < i0, there is no (i, j)-summand in the
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above expression of λT (β) since ai = 0 by our choice of i0. For i > i0, for some
{sk} we have
λTij (β(Ki)) =
∑
k
σKi(ζ
sk
di0
) = 0
by the property stated in Lemma 5.2 (2).
So it follows that λT (β) 6= 0. This contradicts that β is Z(p)-coefficient (n.5)-
solvable, by Theorem 1.2. It completes the proof when there is no local knot
summand.
For the general case, suppose that the product of β and some local knots, say
βk, is Z(p)-coefficient (n.5)-solvable. In this case, we need an additional argument
as described below. Observe that now we have
0 =
∑
i,j
λTij (β(Ki)) +
∑
k
λT (βk).
So it suffices to show that λT (β) vanishes for any local knot β. Let denote T ′ =
({Mk}, φ). Since Ti0j0 = ({Xk}, θi0) is locally trivial and induced by T ′ via the
meridian map µi0j0 , any loop in Mn that projects to a power of a meridian inMβ is
in the kernel of φ, by Lemma 4.4 (see also Remark 4.1). Applying Lemma 4.4 to the
preferred meridian map µ, it follows that T is locally trivial. Therefore λT (β) = 0
for any local knot β, by Theorem 4.2. This finishes the proof. 
The arguments in [2, Section 7] (in particular see Lemma 7.7 of [2]) prove that
the nth iterated Bing double BDn(K) of a knot K is the closure of a string link
obtained from the trivial string link by infection along a curve α, which satisfies the
conclusion of our Lemma 5.3; while the local triviality condition is not mentioned
in [2], it can be satisfied by a minor change of the construction of the character
in [2]. So, our argument shows the following:
Theorem 6.3. Suppose {Ki} is a family of knots satisfying Lemma 5.2. Then, for
any n, the links BDn(Ki) are (n)-solvable, have vanishing ρn-invariant, and are
independent over Z modulo FL(n.5) and local knots.
Using a similar technique, we can also show the independence of certain 2-torsion
iterated Bing doubles considered in [2], namely we can show Theorem 1.5: there are
infinitely many amphichiral knots Ki such that for any n, the links BDn(Ki) are
2-torsion, (n)-solvable, and independent over Z2 modulo FL(n+1.5) and local knots.
Proof of Theorem 1.5. In this proof we use tools from algebraic number theory: the
discriminant map
dis : L0(Q(ζd)) −→ Q(ζd + ζ
−1
d )
×
{zz¯ | z ∈ Q(ζd)×}
and the norm residue symbol (x, y)q ∈ {±1} which is defined for x, y ∈ Q(ζd+ζ−1d )×
and for a prime q of Q(ζd + ζ
−1
d ). (Here {±1} is regarded as a multiplicative
group of order two.) Essentially what we need is the following fact: dis is a group
homomorphism, and when d = 4 (i.e., ζd =
√−1), (x,−1)q = 1 for all prime
q if x ∈ Q× is of the form zz¯ for some z ∈ Q(√−1)×. Interested readers who
are not familiar with these tools are referred to Section 4.5 of [2] and Section 3.4
of [3], which provide more detailed accounts on the discriminant and norm residue
symbols for non-experts of algebraic number theory.
We will show that the family {Ki} of knots constructed in the proof of Corol-
lary 8.5 (1) in [2] satisfies our conclusion. It was shown that BDn(Ki) is 2-torsion
and (n)-solvable in [2]. The properties stated below, which are shown by the argu-
ments of the proof of Corollary 8.5 of [2] (see also Proposition 5.6 of [2]), are the
only facts on the Ki that we need in order to prove the independence: BDn(Ki)
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is the closure of a string link βi which admits a “dual prime” pi satisfying the
following:
(1) For each i, there is a locally trivial Z4-valued 2-structure Ti of height n+1
such that (
disλTi(βi),−1
)
pi
= −1.
(2) If i 6= j, then for any Z4-valued 2-structure T of height n+ 1,(
disλT (βj),−1
)
pi
= +1.
(Note that λT (−) and λTi(−) are always in L0(Q(
√−1)) so that the discriminant
is in Q, since the p-structures are Z4-valued.)
Now suppose that for some finite nonempty subset I of N, a connected sum of
{Li}i∈I and some local knots is Z(p)-coefficient (n+1.5)-solvable. Choose any i0 ∈ I.
Then, by appealing to Habegger-Lin’s Proposition 6.1 and by choosing appropriate
locally trivial p-structures via meridian maps as in the proof of Theorem 6.2, we
can see that there are p-structures Ti such that
0 =
∑
i∈I
λTi(βi)
where Ti0 satisfies (dis(λTi0 (βi0),−1
)
pi0
= −1 as in (1). Taking the discriminant
and evaluating the norm residue symbol ( · ,−1)pi0 , we have
1 =
∏
i∈I
(
dis(λTi(βi),−1
)
pi0
.
But, by (2) we have (dis(λTi (βi),−1
)
pi0
= 1 for i 6= i0. This is a contradiction. 
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